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Abstract: In this paper, we first propose the bosonic (fermionic) modified Wigner equa-
tions for continuous spin particle (CSP) . Secondly, starting from the (Fang-)Fronsdal-like
equation, we will reach to the modified action of bosonic (fermionic) continuous spin gauge
field in flat spacetime, presented recently by Metsaev in A(dS) spacetime . We shall also
explain how to obtain the proposed modified Wigner equations from the gauge-fixed equa-
tions of motion . Finally, we will consider the massive bosonic (fermionic) higher-spin action
and, by taking the infinite spin limit, we will arrive at the modified bosonic (fermionic) CSP
action .
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1 Introduction
Elementary particles propagating on Minkowski spacetime were classified by Wigner using
the unitary irreducible representations of the Poincaré group ISO(3, 1) [1] (see also [2] for
more details in any dimension). In D spacetime dimensions, the massive particles are de-
termined by representations of the rotation group SO(D− 1) . For massless particles there
are two different representations; the familiar massless particles (helicity particles) which
describe particles with a finite number of degrees of freedom determined by representations
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of the Euclidean group ED−2 = ISO(D − 2), and the less-familiar massless particle (con-
tinuous spin particle (CSP)) which describes a particle with an infinite number of physical
degrees of freedom per spacetime point characterized by the representations of the short
little group SO(D− 3), the little group of ED−2 [3] . For the both massless representations,
the eigenvalue of the quadratic Casimir operator C2 := P 2 (the square of the momentum
Pµ) vanishes . For the helicity representation, the eigenvalue of the quartic Casimir operator
C4 :=W
2 (the square of the Pauli-Lubanski vector Wµ = 12 
µνρσ Pν Jρσ) is zero, while the
one for the continuous spin representation becomes µ2 (a positive real parameter) .
From the group theoretical point of view, Khan and Ramond have illustrated that the
continuous spin representation can be obtained from the massive higher-spin representation
by taking a limit; involving the mass going to zero and the spin to infinity with their
product being fixed [4] . Using this fact, the equation of motion for the single and double
valued continuous spin representations were firstly found in [5] by taking the limit from the
massive higher-spin field equations and are known as the so-called “Fronsdal-like” and “Fang-
Fronsdal-like” equations with the trace-like constraints on the gauge fields and parameters.
Although these equations recover the Fronsdal [6] and Fang-Fronsdal [7] equations with the
trace constraints on the gauge fields and parameters, they can not be obtained from an
action principle.
Later on, the first action principle for a single bosonic continuous spin gauge field,
including unconstrained gauge field and parameter, was proposed by Schuster and Toro
in [8] (see also their earlier works [9]-[11] and related remarks in [12, 13]) . The authors
also found a constrained formulation of the CSP action in tensor form which was rank-
mixing for non-zero µ (but rank-diagonal for µ = 0). Afterwards, a similar action principle
for the unconstrained fermionic CSP field was found in [14] . By performing a Fourier
transformation in the auxiliary vector, it was shown the acquired equations of motion in
[8, 14] are equivalent to the Fronsdal-like and Fang-Fronsdal-like equations . It is shown, by
solving the trace-like constraint in the Fourier space, the bosonic (fermionic) CSP action
can be obtained from the (Fang-)Fronsdal-like equation [15] .
Recently, the modified action principles for the bosonic [16] and fermionic [17] contin-
uous spin gauge fields, comprising the constrained gauge field and parameter, were found
by Metsaev in the Minkowski and (anti) de Sitter spacetimes for any dimension . Modified
de Donder gauge conditions which simplify the equations of motion were found and it was
demonstrated that partition functions of the bosonic and fermionic continuous spin gauge
fields are equal to one . All above formulations for the continuous spin gauge field were
constructed in the metric-like approach, while the frame-like formulation in 3-dimensions
was recently found in [18] .
To our knowledge, so far the modified Wigner equations have not been discussed pre-
viously in the literature. In addition, it is interesting to examine the relationship between
the modified CSP action [16, 17] and the (Fang-)Fronsdal-like equation [5] using a field
redefinition in D dimensions, as well as the connection between the constrained formalism
of the Schuster-Toro action [8] and the Metsaev action [16] in flat spacetime . Moreover,
obtaining the modified CSP actions [16, 17] by taking a limit of the massive higher-spin
actions [19, 20] are attractive . These are the key issues to discuss in this paper .
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The layout of the letter is as follows. In section 2 , using a field redefinition, we obtain
the modified Wigner equations for bosons and fermions. In section 3 , we consider the
Fronsdal-like equation and, by applying a field redefinition, acquire the modified bosonic
CSP action in the Minkowski spacetime, presented by Metsaev in (A)dS spacetime [16] . We
also find that our modified bosonic Wigner equations can be obtained from the gauge-fixed
equation of motion. In addition, we make a relation between the modified bosonic CSP
action and the tensor action of Schuster and Toro in [8] . In section 4 , we follow a similar
procedure, as the section 3 , for fermions . In the section 5 , we consider the massive bosonic
[19] and fermionic [20] higher-spin actions in flat spacetime and, by taking the infinite spin
limit, arrive at the modified bosonic and fermionic CSP actions . We conclude and discuss
in section 6 . In appendices; we present our conventions in the appendix A . Transformation
operators which convert the trace-like constraints to the trace ones are introduced in the
appendix B . How to obtain the modified Wigner equations will be explained in the appendix
C . We have computed useful relations in the appendix D which will be used in the sections
3 and 4 .
2 Modified Wigner equations
For the both kind of CSPs (bosons and fermions), wave equations describing a single CSP
were found by Wigner in [1] . It was shown these equations can be obtained from the
Fronsdal-like and Fang-Fronsdal-like equations after fixing the gauge field [5] . In this
section, using a field redefinition, we will obtain the bosonic and fermionic modified Wigner
equations which is expected to arise from the modified bosonic [16] and fermionic [17]
CSP actions in flat spacetime . We shall present these equations separately for bosons and
fermions in the following subsections .
2.1 Bosonic equations
The bosonic Wigner equations in D-dimensional spacetime are given by(
p · ∂η − i µ
)
ϕ(p, η) = 0 , (2.1)
(η2 − 1 )ϕ(p, η) = 0 , (2.2)
( p · η) ϕ(p, η) = 0 , (2.3)
p2ϕ(p, η) = 0 , (2.4)
where ηµ is a D-dimensional auxiliary vector and µ is a real parameter with the dimension
of a mass . If we define the Pauli-Lubanski vector 1 Wµ = 12 
µνρσ pν Jρσ , then its square
would be
W 2 = 2 (p · η)(p · ∂η)(η · ∂η)− (p · η)2 (∂η · ∂η)− η2(p · ∂η)2 , (2.5)
where W 2 is the Casimir operator of the Poincaré algebra and the massless representations
can be labelled by the eigenvalues of this operator
W 2 ϕ(p, η) = µ2 ϕ(p, η) . (2.6)
1 The above Pauli-Lubanski vector for simplicity is considered in 4-dimensions, while the D-dimensional
form can be found in [3] .
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Consequently when µ = 0 the representations are finite dimensional (helicity represen-
tation) , and when µ 6= 0 the representations are infinite dimensional (continuous spin
representation) .
In ω-space, the Fourier space of η , ϕ(η) =
∫ dDη
(2pi)D/2
e− i ω·η ϕ˜(ω) , the Wigner equations
(2.1)-(2.4) will take the following forms
( p · ω + σ µ) ϕ˜(p, ω) = 0 , (2.7)
(∂ω · ∂ω + σ) ϕ˜(p, ω) = 0 , (2.8)
( p · ∂ω) ϕ˜(p, ω) = 0 , (2.9)
p2 ϕ˜(p, ω) = 0 , (2.10)
where we have added a σ parameter
σ =
{
0, for higher-spin;
1, for continuous-spin.
(2.11)
into the equations to include the similar obtained equations in [5] , describing a massless
higher-spin particle 2 . The equation (2.8) express that the wave function is traceless when
σ = 0 , while it is traceless-like (trace-full) when σ = 1 . Here, our goal is to have a traceless
field for both values of σ . Therefore, for this purpose, we define
ϕ˜(p, ω) = Pε ϕ(p, ω) , (2.12)
where ϕ(p, ω) is a redefined gauge field and the operator
Pε =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 )n
. (2.13)
In this definition, D is the dimension of spacetime, N = ω · ∂ω and (a)n is the rising
Pochhammer symbol (D.2) . Note that in the higher-spin limit (σ = 0) , the operator
Pε = 1 and the redefined ϕ and non-redefined ϕ˜ fields are equal to each other . Applying
(2.12) into (2.8), and referring to the appendix C, we find that the equation (2.8) can be
reduces to (∂ω · ∂ω)ϕ = 0 , which is a tracelessness condition for a redefined (modified) CSP
field . Plugging (2.12) into the other Wigner equations (2.7), (2.9) and (2.10), we finally
find (see the appendix C)(
p · ω + σ µ + σ µω2 1
(2N +D)(2N +D − 2)
)
ϕ(p, ω) = 0 , (2.14)(
∂ω · ∂ω
)
ϕ(p, ω) = 0 , (2.15)(
p · ∂ω + σ µ 1
2N +D − 2
)
ϕ(p, ω) = 0 , (2.16)
p2ϕ(p, ω) = 0 , (2.17)
2 In the rest of paper, we shall keep σ parameter in our formulations in order to read the higher-spin
results simultaneously .
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which we will call them “modified Wigner equations” for bosons . A surprising equation in
above is (2.16) which demonstrates the modified CSP field is not divergence-less ! Let us to
discuss a bit about this issue in the conclusions . We shall see later (in the section 3) these
modified equations can be extracted from the modified CSP action [16] by fixing the gauge
field.
In the Wigner equations, the last two equations can be obtained from the first two
independent ones [5] . This fact can be also examined for the modified Wigner equations
by writing (2.14) and (2.15), respectively, as
O1ϕ = 0 , O2ϕ = 0 . (2.18)
Then the equations (2.16) and (2.17) can be read from[
O1 , O2
]
ϕ = − 2O3ϕ = − 2
(
p · ∂ω + σ µ 1
2N +D − 2
)
ϕ = 0 , (2.19)[
O1 , O3
]
ϕ = −O4ϕ = − p2ϕ = 0 , (2.20)
as
O3ϕ = 0 , O4ϕ = 0 . (2.21)
In η-space, the Fourier transform of ω , the modified Wigner equations (2.14)-(2.17)
become (
p · ∂η − i σ µ + i σ µ (∂η · ∂η) 1
(2N +D)(2N +D + 2)
)
ϕ̂(p, η) = 0 , (2.22)
η2 ϕ̂(p, η) = 0 , (2.23)(
p · η + i σ µ 1
2N +D + 2
)
ϕ̂(p, η) = 0 , (2.24)
p2 ϕ̂(p, η) = 0 , (2.25)
where here N = η · ∂η 3. Using these equations, it is convenient to exhibit that the modified
continuous spin field satisfies
W 2 ϕ̂(p, η) = σ µ2 ϕ̂(p, η) . (2.26)
In 4-dimensions, this relation can be simply checked by applying (2.5) in (2.26) . Note that,
as it was expected, the modified CSP field in (2.26) obeys a similar relation as (2.6) for the
CSP field .
2.2 Fermionic equations
In D-dimensional spacetime, the fermionic Wigner equations are given by
( p · ω + σ µ) ψ˜(p, ω) = 0 , (2.27)
(∂ω · ∂ω + σ) ψ˜(p, ω) = 0 , (2.28)
( p · ∂ω) ψ˜(p, ω) = 0 , (2.29)
(γ · p) ψ˜(p, ω) = 0 , (2.30)
3 To lighten notation, we have omitted the subscripts in Nω = ω · ∂ω and Nη = η · ∂η .
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which are similar to the bosonic case except the forth equation. For these equations we
define
ψ˜(p, ω) = Pξ ψ(p, ω) , (2.31)
where the operator
Pξ =
∞∑
k=0
[
(σ γ · ω)2k + 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 )k
. (2.32)
In this relation, D stands for the spacetime dimension, γµ for the D-dimensional Dirac
Gamma matrices, (a)k for the rising Pochhammer symbol (D.2) and N = ω · ∂ω . Note that
the first sum in (2.32) comprises the even powers of γ ·ω , which is precisely equal to (2.13) ,
while the second sum includes the odd powers . Applying (2.31) in the Wigner equations
(2.27)-(2.30) we will respectively arrive at (see the appendix C)(
p · ω + σ µ + i σ µ (γ · ω) 2(2N+D)(2N+D−2) + σ µω2 1(2N+D)2
)
ψ(p, ω) = 0 , (2.33)(
γ · ∂ω − i σ (γ · ω)(γ · ∂ω) 12N+D+2 − i σ 22N+D+2
)(
γ · ∂ω
)
ψ(p, ω) = 0 , (2.34)(
p · ∂ω + σ µ 12N+D
)
ψ(p, ω) = 0 , (2.35)(
γ · p + i σ µ 22N+D−2 + σ µ (γ · ω) 2(2N+D)2
)
ψ(p, ω) = 0 , (2.36)
which we will call them “modified Wigner equations” for fermions . Similar to the bosonic
equations, the third equation (2.35) illustrates that the gauge field is divergence-full ! Con-
cerning to the fourth equation (2.36) , by multiplying γ ·p to the left and then using (2.33) ,
it is convenient to show that p2ψ(p, ω) = 0 , which emphasizes the masslessness of the
modified fermionic CSP field, as it was expected . Relation of these equations with the
modified CSP action [17] will examine in the section 4 .
3 Modified bosonic continuous spin gauge field
The modified bosonic CSP action in (A)dS spacetime was presented by Metsaev in [16] .
The action was written in a formulation similar to the higher-spin action with the double
trace constraint on the gauge field and trace constraint on the gauge parameter . In [15] it
is shown that, by starting from the Fronsdal-like equation and working in the Fourier space,
we can reach to the Schuster-Toro action, however the relation of the Fronsdal-like equation
and the modified CSP action was not manifest so far . In this section, we are going to make
clear this relation by performing a field redefinition in the Fronsdal-like equation which will
consequently lead to the modified CSP action . The modified gauge transformation will be
presented and the modified Wigner equations will be found from the gauge-fixed equation
of motion .
3.1 CSP action
A continuous spin gauge field is defined as
Φ˜(x, ω) =
∞∑
s=0
Φs(x, ω) =
∞∑
s=0
1
s!
ωµ1 . . . ωµs Φµ1...µs(x) , (3.1)
– 6 –
where Φs represent for all totally symmetric massless spin-s fields (higher-spin gauge fields)
and ωµ is a D-dimensional auxiliary vector . Then , the Fronsdal (higher-spin) and Fronsdal-
like (continuous-spin) equations can be written as [5]
F˜σ Φ˜ =
[
x − (ω · ∂x + i σµ) (∂ω · ∂x) + 1
2
(ω · ∂x + i σµ)2 (∂ω · ∂ω + σ)
]
Φ˜(x, ω) = 0 , (3.2)
where the parameter σ was introduced in (2.11) . Note that when σ = 0 , Φs should be
substituted in (3.2) instead of Φ˜ . The double trace-like constraint on the gauge field Φ˜ is
given by
( ∂ω · ∂ω + σ )2 Φ˜(x, ω) = 0 . (3.3)
Let us now introduce a redefined (modified) gauge field Φ through
Φ˜(x, ω) = PΦ Φ(x, ω) , (3.4)
where the operator PΦ (with the similar notations for (2.13)) is defined as
PΦ =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 − 1)n
. (3.5)
Then, it can be illustrated (see the appendix B) that the redefined CSP field is double
traceless (∂ω · ∂ω)2 Φ(x, ω) = 0 (similar to the Fronsdal field) . We are now in a position to
rewrite the Fronsdal-like equation in terms of the redefined field . To this end, by plugging
(3.4) into (3.2) and applying the relations (D.12)-(D.14) , we shall get
Fσ Φ(x, ω) = 0 , (3.6)
where Φ(x, ω) is the redefined gauge field and
Fσ = x − (ω · ∂x)(∂ω · ∂x) + 1
2
(ω · ∂x)2(∂ω · ∂ω)− i σµ(∂ω · ∂x)
− i σµω2 1
(2N +D)(2N +D − 2) (∂ω · ∂x)− i σµ (ω · ∂x)
1
(2N +D − 2)
+ i σµ(ω · ∂x)(∂ω · ∂ω) + i σµω2 (ω · ∂x) 1
(2N +D)(2N +D + 2)
(∂ω · ∂ω)
− 1
2
σµ2 (∂ω · ∂ω)− σµ2 ω2 1
(2N +D − 2)(2N +D + 2) (∂ω · ∂ω)
+ σµ2
1
(2N +D − 2) + σµ
2 ω2
1
(2N +D)(2N +D − 2)2 + O(ω
4) . (3.7)
In above, due to the double trace constraint Φ(x, ∂ω) (ω2) 2 = 0 , the terms comprising the
powers of ω4 (or higher) will be vanished at the level of the action , and hence we will not
consider such terms in the rest of calculations .
In comparison to the spin-two case, the operator Fσ is a “Ricci-like” operator and by
applying the hermitian conjugates (A.3) is not hermitian F †σ 6= Fσ , therefore it can not be
led to the action . To acquire an hermitian operator, leading to the action, we introduce
the “Einstein-like” operator
Kσ =
(
1− 14 ω2 (∂ω · ∂ω)
)
Fσ , (3.8)
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which after some calculations, and using the commutation relations in (A.2) , becomes
Kσ =
(
1− 14 ω2 (∂ω · ∂ω)
)
x −
(
ω · ∂x − 12 ω2(∂ω · ∂x)
)(
∂ω · ∂x − 12 ω · ∂x(∂ω · ∂ω)
)
− i σµ (∂ω · ∂x)− i σµ (ω · ∂x) 1
(2N +D − 2)
+ i σµ (ω · ∂x)(∂ω · ∂ω) + i σµω2 1
(2N +D)
(∂ω · ∂x)
− 14 i σµω2 (∂ω · ∂x)(∂ω · ∂ω)− 14 i σµω2 (ω · ∂x)
1
(2N +D + 2)
(∂ω · ∂ω)
+ σµ2
1
(2N +D − 2) + σµ
2 ω2
1
4(2N +D + 2)
(∂ω · ∂ω)
− 12 σµ2 (∂ω · ∂ω)− 12 σµ2 ω2
1
(2N +D)(2N +D − 2) . (3.9)
We shall see here the above operator is now clearly hermitian when σ = 0 , while for σ = 1
it is not still hermitian ! In order to solve this problem and obtain an hermitian operator
for both values of σ (= 0, 1) , we use the change of variable
ωα = − i uα √2N +D − 2 , (3.10)
where uα is a new D-dimensional vector and N = u · ∂u . In terms of the new vector, the
operator Kσ (3.9) becomes
K̂σ =
(
1− 14 u2 (∂u · ∂u)
)
x −
(
u · ∂x − 12 u2(∂u · ∂x)
)(
∂u · ∂x − 12 u · ∂x(∂u · ∂u)
)
− σ µ
[
u · ∂x − u2 (∂u · ∂x) + 1
4
u2 (u · ∂x) (∂u · ∂u)
]
1√
2N +D − 2
+ σ µ
1√
2N +D − 2
[
∂u · ∂x − (u · ∂x) (∂u · ∂u) + 1
4
u2 (∂u · ∂x)(∂u · ∂u)
]
+ σ µ2
1
2
√
(2N +D)(2N +D − 2) (∂u · ∂u) + σ µ
2 u2
1
2
√
(2N +D)(2N +D − 2)
+ σ µ2
1
2N +D − 2
[
1 +
1
4
u2 (∂u · ∂u)
]
, (3.11)
which is obviously hermitian for any σ . In a more compact and nicer form, the kinetic
operator (Einstein-like operator) (3.11) can be written as
K̂σ =
(
1− 1
4
u2 (∂u · ∂u)
)
x − LL , (3.12)
where
L = u · ∂x − 1
2
u2 (∂u · ∂x) − σ µ
(
a Π + 12 u
2 b
)
, (3.13)
L = ∂u · ∂x − 1
2
(u · ∂x)(∂u · ∂u) + σ µ
(
a Π + 12 b (∂u · ∂u)
)
, (3.14)
and the quantities of a , b and Π are defined as
a =
1√
2N +D − 2 , b =
1√
2N +D
, (3.15)
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Π = 1 − u2 1
2(2N +D)
(∂u · ∂u) . (3.16)
Notice that in above a, b, Π and (LL) are hermitian operators and (L)† = −L . Notice also
that, by introducing an alternative change of variable, by considering a positive coefficient in
(3.10) , there is another possibility to write an alternative kinetic operator, by substituting
µ → −µ in (3.13) , (3.14) . We mention the obtained kinetic operator in above is indeed
the one proposed by Metsaev at the flat spacetime limit [16] 4. The use of operators L and
L , which actually simplify the form of the kinetic operator, were first discovered in [19] .
We will obtain these continuous spin operators in the section 5 , from the infinite spin limit
of the massive higher-spin ones .
Finally, using the hermitian kinetic operator (3.12) , we would be able to write the
modified bosonic CSP action (when σ = 1) , or the Fronsdal action (when σ = 0) , as
Sσ =
1
2
∫
dDx Φ(x, ∂u) K̂σ Φ(x, u)
∣∣∣∣
u=0
, (3.17)
where the gauge field Φ(x, u) is now double traceless (∂u · ∂u)2 Φ(x, u) = 0 5.
3.2 Gauge symmetry
To obtain the gauge symmetry of the modified CSP action (3.17), we first present the one
for the Fronsdal-like equation and then we rewrite it in terms of the modified gauge field
and parameter . We will follow the similar method in the previous subsection which led to
the action .
The Fronsdal-like equation (3.2) is invariant under the gauge transformation
δ Φ˜(x, ω) = (ω · ∂x + i σµ ) ε˜ (x, ω) , (3.18)
where the gauge field Φ˜ was given in (3.1) and the gauge transformation parameter ε˜ is
defined as the generating function
ε˜ (x, ω) =
∞∑
s=1
εs (x, ω) =
∞∑
s=1
1
(s−1)! ω
µ1 . . . ωµs−1 εµ1...µs−1(x) . (3.19)
In above, the higher-spin gauge parameters εs are totally symmetric tensor fields with the
trace constrains ( ∂ω · ∂ω ) εs = 0 , while the CSP gauge parameter ε˜ satisfies the trace-like
constraint
( ∂ω · ∂ω + σ ) ε˜ (x, ω) = 0 . (3.20)
Note again that when σ = 0 , the higher-spin gauge fields Φs and parameters εs should be
substituted in (3.18) instead of Φ˜ and ε˜ .
4Note that, the proposed action in [16] is written through the use of creation αµ, v and annihilation α¯µ, v¯
operators instead of the auxiliary vector uµ . Therefore, at the flat spacetime limit, the kinetic operator of
[16] will be coincided with (3.12) by change of variable αµ =
√
Nα
v
uµ .
5 In comparison with [8] , remember that the Schuster-Toro action includes the unconstrained gauge field
and parameter .
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Let us now convert the above trace-like constraint to the trace one (similar to the
Fronsdal case) . For this purpose, we find that (3.20) can be reduced (see the appendix B) to
the trace constraint on the redefined gauge transformation parameter ( ∂ω · ∂ω ) ε (x, ω) = 0 ,
by introducing
ε˜ (x, ω) = Pε ε(x, ω) , (3.21)
where Pε is presented in (B.2) . At this moment, we are able to rewrite the gauge trans-
formation (3.18) in terms of the redefined gauge field and parameter . Putting (3.4) and
(3.21) in (3.18) , we will find the gauge transformation as
δΦ(x, ω) =
(
ω · ∂x + i σµ+ i σµ ω2 1
(2N +D)(2N +D − 2)
)
ε (x, ω) , (3.22)
where Φ and ε are the new gauge field and parameter . To obtain the later, we used the
relations (B.13) , (B.14) . We can then apply the change of variable which was used in
obtaining the hermitian kinetic operator . Therefore, by applying (3.10) and redefining the
gauge parameter ( = − i√2N +D − 2 ε), the relation (3.22) would be
δΦ(x, u) =
(
u · ∂x − σ µ 1√
2N +D − 2 + σ µ u
2 1√
2N +D (2N +D − 2)
)
 (x, u) ,
(3.23)
which is the gauge symmetry of the action (3.17) . We mention again that the conditions
on the modified CSP gauge field and parameter appear now as (∂u · ∂u)2 Φ(x, u) = 0 and
(∂u · ∂u) (x, u) = 0 .
3.3 Gauge fixing
The Wigner equations are a consequence of the equation of motion after gauge fixing [5] .
This fact will examine for the modified bosonic Wigner equations in this subsection, and
for fermions in 4.3 .
By varying the action (3.17) with respect to the gauge field Φ , and performing a Fourier
transformation in xµ , we will obtain the equation of motion in the momentum space[ (
1− 14 u2 (∂u · ∂u)
)
p2 + LL
]
Φ(p, u) = 0 , (3.24)
where LL and Φ are the Fourier transforms of L L and Φ . If we then choose the modified
de Donder gauge condition
LΦ =
(
p · ∂u − 1
2
(p · u)(∂u · ∂u) − i σ µ
(
a Π + 12 b (∂u · ∂u)
))
Φ = 0 , (3.25)
proposed by Metsaev in [16] , the equation of motion simplifies to
p2 Φ(p, u) = 0 . (3.26)
The residual gauge invariance allows us to impose the tracelessness of Φ
(∂u · ∂u)Φ(p, u) = 0 , (3.27)
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and then due to this condition, the modified de Donder gauge condition (3.25) becomes(
p · ∂u − i σ µ 1√
2N +D − 2
)
Φ(p, u) = 0 . (3.28)
Eventually, by defining a gauge-invariant field (similar to the one in [5])
ϕ(p, u) = δ
(
p · u + i σ µ 1√
2N+D−2 − i σ µ u
2 1√
2N+D (2N+D−2)
)
Φ(p, u) , (3.29)
we can leave the space of polynomials in the auxiliary vector u and reformulate the equations
(3.26)-(3.29) in terms of the gauge-invariant distribution(
p · u + i σ µ 1√
2N +D − 2 − i σ µ u
2 1√
2N +D (2N +D − 2)
)
ϕ(p, u) = 0 , (3.30)(
∂u · ∂u
)
ϕ(p, u) = 0 , (3.31)(
p · ∂u − i σ µ 1√
2N +D − 2
)
ϕ(p, u) = 0 , (3.32)
p2 ϕ(p, u) = 0 . (3.33)
Indeed, the gauge field Φ(p, u) is a polynomial in the auxiliary vector u while the gauge-
invariant field ϕ(p, u) in above equations is a distribution of the form (3.29) . If we now
apply the change of variable (3.10) in the above equations, we will arrive at the modified
Wigner equations (2.14)-(2.17) , proposed in the previous section .
3.4 Relation to the Schuster-Toro action
This subsection clarifies a close relationship between the obtained generating functions of
[8] and the introduced operators of this paper (PΦ and Pε), used for rearranging of traces,
as well as a relationship between the constrained action formalisms of [8] and [16] .
Using the Bessel function of the first kind (D.1) and rising Pochhammer symbol (D.2),
we can write ∞∑
n=0
x 2n
(−1)n
22n n! (α+ 1)n
= Γ (α+ 1)
(
x
2
)−α
Jα(x) . (3.34)
Then, putting x =
√−ω2, this relation can be rewritten as
∞∑
n=0
ω 2n
1
22n n! (N + D2 )n
= Γ (N + D2 )
(
x
2
)−N−D−2
2 JN+D−2
2
(x)
∣∣∣∣
x=
√−ω2
, (3.35)
for α = N + D−22 , and
∞∑
n=0
ω 2n
1
22n n! (N + D2 − 1)n
= Γ (N + D2 − 1)
(
x
2
)−N−D−4
2 JN+D−4
2
(x)
∣∣∣∣
x=
√−ω2
, (3.36)
for α = N + D−42 . In these relations, if we then consider w as a D-dimensional vector
and N = ω · ∂ω , we will immediately find that the left-hand-side of (3.35), (3.36) are
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respectively equal to the operators of Pε and PΦ, introduced in (B.2), (B.8) (with σ = 1) 6.
Recall that these operators were responsible to convert the (double) trace-like constraints
to the (double) trace ones. On the other side, looking at the right-hand-side of (3.35),
(3.36) with N = 0, we surprisingly discover that they are exactly (up to a coefficient for
(3.36)) equivalent to the introduced generating functions of [8], called by G(ω) and G′(ω)
recpectively . Therefore, the introduced operators of this paper (Pε, PΦ), used for obtaining
a constrained formalism of the bosonic CSP action, have a similar role as G(ω) and G′(ω)
in [8], applied to get a constrained form of the action (but after a partial gauge fixing) .
To make clear the relationship between the tensor form of the action in [8] and the
Metsaev action [16] in flat spacetime, we consider (3.17) with the mostly negative signature
for the metric which, using a change of auxiliary variable
√
2 ηα = −uα√2N +D − 2 , (3.37)
becomes
Sσ = − 1
2
∫
dDx Φ(x, ∂η) K̂σ Φ(x, η)
∣∣∣∣
η=0
, (3.38)
where
K̂σ =
(
1− 1
4
η2 (∂η · ∂η)
)
x + LL , (3.39)
L = ∂η ·∂x− 1
2
(η ·∂x)(∂η ·∂η)+ σµ√2(N+D
2
−1)
(
1− η2 12(2N+D) ∂η · ∂η
)
− σµ
2
√
2
∂η ·∂η , (3.40)
and (L)† = −L . Then, using the generating function of the modified CSP gauge field
Φ(x, η) =
∞∑
s=0
1
s!
ηµ1 . . . ηµs
(s)
Φ µ1...µs(x) , (3.41)
we can compute, for instance, the second term of the action (3.38) as
SII =
1
8
∫
dDx Φ(x, ∂η)
[
η2 (∂η · ∂η)x
]
Φ(x, η)
∣∣∣∣
η=0
, (3.42)
=
1
8
∫
dDx
∞∑
s=0
s(s− 1)
s! s!
(s)
Φ ν1...νs
(
∂ν1η . . . ∂
νs
η η
µ1 . . . ηµs
)
(2 gµ1µ2)x
(s)
Φ ′µ3...µs ,(3.43)
= − 1
4
∫
dDx
∞∑
s=0
s(s− 1)
s!
(
∂α
(s)
Φ ′µ1...µs−2
) (
∂α
(s)
Φ ′µ1...µs−2
)
, (3.44)
where Φ ′ stands for the trace of the gauge field Φ . The final result for all terms of the
action (3.38) yields
Sσ =
∞∑
s=0
1
s!
∫
dDx
[
1
2
(
∂µΦ
(s)
)2 − s(s− 1)
4
(
∂µΦ
(s)′
)2 − s
2
(
D(s−1)σ
)2 ]
(3.45)
6Note that the operators in (B.2), (B.8) are written by considering the mostly plus signature for the
metric while here they are taken into account in the mostly minus signature to be easily compared with
results of [8] .
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where
D(s−1)σ ≡ ∂x · Φ(s) − 12∂x ◦ Φ(s)
′
+ σµ√
2(s+D
2
−2)
(
Φ(s−1) − 1(2s+D−6) g ◦ Φ(s−1)
′)− σµ
2
√
2
Φ(s+1)
′
,
(3.46)
and the notations “.” and “◦” were used, for simplicity, from [8] . The action (3.45) is written
in tensor form such that when σ = 0 the D-dimensional Schwinger-Fronsdal action, which
is rank-diagonal, can be read . When σ = 1 , the action is rank-mixing and describes the
constrained formalism of a single CSP in D-dimensions. For D = 4, the action (3.45) was
first found by Schuster and Toro [8] which is precisely the Metsaev action [16] in flat-space .
4 Modified fermionic continuous spin gauge field
The modified fermionic CSP action in (A)dS spacetime was recently presented in [17] . The
action is written in a fashion similar to the Fang-Fronsdal action which includes a triple
gamma-trace constraint on the gauge field and a gamma-trace constraint on the gauge
parameter . In [15] it is shown that, by performing a Fourier transform in the auxiliary
vector, the Fang-Fronsdal-like equation will lead to the fermionic CSP action, presented in
[14] . However, the relation of the Fang-Fronsdal-like equation and the modified fermionic
CSP action has not been examined . This section will make clear this relation by performing
a field redefinition in the Fang-Fronsdal-like equation . The modified gauge symmetry and
modified Wigner equations, as a consequence of the equation of motion, will be obtained
as well .
4.1 CSP action
We introduce the fermionic continuous spin gauge field as
Ψ˜(x, ω) =
∞∑
n=0
Ψn(x, ω) =
∞∑
n=0
1
n!
ωµ1 . . . ωµn Ψµ1...µn(x) , (4.1)
where Ψn denote for all totally massless symmetric spinor-tensor fields of spin s = n+ 12 , and
ωµ is a D-dimensional auxiliary vector . Then, the Fang-Fronsdal and Fang-Fronsdal-like
equations can be written as [5]
F˜σ Ψ˜(x, ω) =
[
γ · ∂x − (ω · ∂x + i σµ) (γ · ∂ω + i σ )
]
Ψ˜(x, ω) = 0 , (4.2)
where σ was introduced in (2.11) . The triple gamma-trace-like constraint on the gauge
field is given by
(γ · ∂ω + i σ) (∂ω · ∂ω + σ) Ψ˜(x, ω) = 0 . (4.3)
By referring to the appendix B , the above condition can be reduced to the triple gamma-
trace constraint on the modified gauge field (γ · ∂ω)3 Ψ(x, ω) = 0 , by introducing
Ψ˜(x, ω) = PΨ Ψ(x, ω) , (4.4)
where
PΨ =
∞∑
k=0
[
(σ γ · ω)2k + 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 − 1)k
. (4.5)
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Now we rewrite the Fang-Fronsdal-like equation in terms of the modified gauge field . To
this end, we substitute (4.4) in (4.2) , and then using (D.15)-(D.17) , the equation (4.2)
becomes
Fσ Ψ(x, ω) = 0 , (4.6)
where
Fσ = γ · ∂x − (ω · ∂x) (γ · ∂ω) − σ µ 2
2N +D − 2 − i σ µ (γ · ∂ω)
+ i σ µ (γ · ω) 2
(2N +D − 2)2 − i σ µω
2 1
(2N +D)2
(γ · ∂ω)
− σ µ (γ · ω) 2
(2N +D)(2N +D − 2) (γ · ∂ω) + O(ω
3) . (4.7)
Note that the terms comprising the powers of ω3 (or higher) will be vanished (at the level
of the action) , due to the triple gamma-trace constraint Ψ(x, ∂ω) (γ · ω)3 = 0 , and hence
we will not consider them in the rest of calculations .
By applying the hermitian conjugates (A.3) , we find that the operator Fσ is not anti-
hermitian F †σ 6= − γ0 Fσ γ0 . To obtain an anti-hermitian operator, we should multiply (4.7)
by
1 − 1
2
(γ · ω)(γ · ∂ω) − 1
4
ω2 (∂ω · ∂ω) (4.8)
to the left, which consequently leads to the operator
Kσ =
(
1 − 14 ω2 (∂ω · ∂ω)
)
γ · ∂x − (γ · ω)(∂ω · ∂x) − (ω · ∂x)(γ · ∂ω)
+
1
2
(γ · ω)(ω · ∂x)(∂ω · ∂ω) + 1
2
ω2 (∂ω · ∂x)(γ · ∂ω) + (γ · ω)(γ · ∂x)(γ · ∂ω)
− σ µ
[
1 − (γ · ω)(γ · ∂ω) − 1
4
ω2 (∂ω · ∂ω)
] 2
2N +D − 2
− i σ µ (γ · ω) 1
2N +D − 2 + i σ µ
1
2
(γ · ω)(∂ω · ∂ω)
− i σ µ (γ · ∂ω) + i σ µ 1
4
ω2
2
2N +D
(γ · ∂ω) . (4.9)
This operator is obviously anti-hermitian K†σ = − γ0Kσ γ0 when σ = 0 , however when
σ = 1 it is not anti-hermitian . Similar to the bosonic case, if we apply the change of
variable (3.10) in (4.9) , we will find then an anti-hermitian operator for the both values of
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σ , which is 7
K̂σ =
(
1 − 14 u2 (∂u · ∂u)
)
γ · ∂x − (γ · u)(∂u · ∂x) − (u · ∂x)(γ · ∂u)
+
1
2
(γ · u)(u · ∂x)(∂u · ∂u) + 1
2
u2 (∂u · ∂x)(γ · ∂u) + (γ · u)(γ · ∂x)(γ · ∂u)
− σ µ
[
1 − (γ · u)(γ · ∂u) − 1
4
u2 (∂u · ∂u)
]
2
2N +D − 2
− σ µ
[
γ · u − 1
2
u2 (γ · ∂u)
]
1√
2N +D − 2
+ σ µ
1√
2N +D − 2
[
γ · ∂u − 1
2
(γ · u)(∂u · ∂u)
]
. (4.10)
This operator is precisely the flat spacetime limit of the one proposed in (A)dS space by
Metsaev [17] 8. Note that, similar to the bosonic case, the alternative change of variable
will lead to another operator by replacing µ→ −µ in (4.10) .
Using the above operator, we can then write the modified fermionic CSP action (when
σ = 1) , or the Fang-Fronsdal action (when σ = 0) , as
Sσ = − i
∫
dDx Ψ(x, ∂u) K̂σ Ψ(x, u)
∣∣∣
u=0
, (4.11)
where Ψ = Ψ † γ0 is the Dirac adjoint and the gauge field Ψ is triple gamma-traceless
(γ · ∂u)3 Ψ(x, u) = 0 9.
4.2 Gauge symmetry
By presenting the gauge symmetry of the Fang-Fronsdal-like equation, we will rewrite it in
terms of the redefined gauge field and parameter to obtain the one for the modified CSP
action .
The gauge symmetry of the Fang-Fronsdal-like equation (4.2) is given by
δ Ψ˜(x, ω) = (ω · ∂x + i σµ) ξ˜ (x, ω) , (4.12)
where the spinor gauge parameter
ξ˜ (x, ω) =
∞∑
n=1
ξn (x, ω) =
∞∑
n=1
1
(n−1)! ω
µ1 . . . ωµn−1 ξµ1...µn−1(x) , (4.13)
is gamma traceless-like ( γ · ∂ω + i σ ) ξ˜ (x, ω) = 0 . On the other hand, a gamma trace
constraint ( γ · ∂ω ) ξ(x, ω) = 0 , can be constructed by (see the appendix B)
ξ˜(x, ω) = Pξ ξ(x, ω) , (4.14)
7 The operator K̂σ is an anti-hermitian operator while − i K̂σ , which recall it as the fermionic kinetic
operator, is hermitian .
8Note that, similar to the bosonic action, the proposed action in [17] is written through the use of
creation αµ, v and annihilation α¯µ, v¯ operators instead of the auxiliary vector uµ . Thus, at the flat spacetime
limit, the kinetic operator of [17] will be coincided with (4.10) by change of variable αµ =
√
Nα
v
uµ .
9Remind that the proposed action in [14] includes the unconstrained gauge field and parameter .
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where ξ is a redefined gauge parameter and the operator Pξ is presented in (B.16) . Now
we can rewrite the gauge symmetry using the new gauge field and parameter . To do that,
we apply (4.4) and (4.14) in the gauge transformation (4.12) , which yields
δΨ =
[
ω · ∂x + iσµ − σµ (γ · ω) 2
(2N +D)(2N +D − 2) + iσµω
2 1
(2N +D)2
]
ξ . (4.15)
To obtain the later, the relations (B.27) and (B.28) are used . Since the action was writ-
ten in terms of u-vector, we employ the change of variable (3.10) and a redefined gauge
parameter (ζ = − i√2N +D − 2 ξ) in (4.15) to obtain
δΨ =
[
u · ∂x − σµ 1√2N+D−2 − σµ (γ · u) 2(2N+D)(2N+D−2) + σµu
2 1
(2N+D)3/2
]
ζ , (4.16)
which is the gauge symmetry of the action (4.11) . We remind again that the constraint on
the modified CSP gauge field is (γ · ∂u)3 Ψ(x, u) = 0 and the one for the gauge parameter
is ( γ · ∂u ) ζ(x, u) = 0 .
4.3 Gauge fixing
Varying the action (4.11) with respect to the gauge field Ψ , we get the equation of motion
K̂σ Ψ(x, u) = 0 , which after dropping the multiplier 1 − 12 (γ · u)(γ · ∂u) − 14 u2 (∂u · ∂u) ,
and performing a Fourier transform in xµ, would be corresponding to[
γ · p − (p · u) (γ · ∂u) + i σ µ 2
2N +D − 2 (4.17)
− i σ µ (γ · u) 2
(2N +D − 2)3/2 − i σ µ
1√
2N +D − 2 (γ · ∂u)
+ iσµ (γ · u) 2
(2N +D)(2N +D − 2) (γ · ∂u) + iσµu
2 1
(2N +D) 3/2
(γ · ∂u)
]
Ψ(p, u) = 0 .
If we now choose the gauge
P1 Ψ = (γ · ∂u)Ψ = 0 , (4.18)
the equation of motion (4.17) reduces to
P2 Ψ =
(
γ · p + i σ µ 2
2N +D − 2 − i σ µ (γ · u)
2
(2N +D − 2)3/2
)
Ψ = 0 , (4.19)
where P1 , P2 are two operators . Afterwards, using the anti-commutator of the introduced
operators, we can illustrate that
{P1 , P2 } Ψ = 2
(
p · ∂u − i σ µ 2N +D
(2N +D − 2)3/2
)
Ψ = 0 . (4.20)
Then, similar to the bosonic case, if we introduce a gauge invariant field
ψ = δ
(
p · u + iσµ 1√
2N+D−2 + iσµ (γ · u) 2(2N+D)(2N+D−2) − iσµ u
2 1
(2N+D)3/2
)
Ψ ,
(4.21)
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we will be able to write the relations (4.18)-(4.21) as the following(
p · u + iσµ 1√
2N+D−2 + iσµ (γ · u) 2(2N+D)(2N+D−2) − iσµ u
2 1
(2N+D)3/2
)
ψ = 0 ,(4.22)(
γ · ∂u
)
ψ = 0 ,(4.23)(
p · ∂u − i σ µ 2N+D(2N+D−2)3/2
)
ψ = 0 ,(4.24)(
γ · p + i σ µ 22N+D−2 − i σ µ (γ · u) 2(2N+D−2)3/2
)
ψ = 0 .(4.25)
By applying the change of variable (3.10) in above equations, we will arrive at the modified
Wigner equations (2.33)-(2.36) , except 10 the second one (4.23) which should be multiplied
by (
γ · ∂u − σ (γ · u)(γ · ∂u)
√
2N+D
2N+D+2 − σ 2
√
2N+D
2N+D+2
)
. (4.26)
5 Modified CSP action from the massive higher-spin action11
Khan and Ramond discovered that the continuous-spin representation can be obtained
from the massive higher-spin representation by taking the limit m → 0 , s → ∞ and
ms = µ = constant [4] . This issue was utilized in [5] which led to find the (Fang-)
Fronsdal-like equation from the bosonic (fermionic) massive higher-spin equations . In this
section, by following the same procedure as [5] , we will demonstrate how to obtain the
modified bosonic (fermionic) CSP action from the massive bosonic (fermionic) spin-s fields
action, by taking the limit . Here in this paper, we will examine the cases in flat spacetime,
however, a similar fashion can be applied to the cases in (A)dS spacetime .
5.1 Massive bosonic higher-spin action
Using an auxiliary space, we can introduce the massive bosonic spin-s gauge fields by the
generating functions
ϕs(x, u, v) =
s∑
s′=0
1
s′! (s− s′)! u
µ1 . . . uµs′ vs−s
′
ϕµ1... µs′ (x) , (5.1)
where uµ is a D-dimensional auxiliary vector and v is an auxiliary scalar . The gauge fields
are double traceless (∂u · ∂u)2 ϕs = 0 and homogeneous polynomials of degree s in both u
and v variables, implying
(Nu + Nv − s )ϕs = 0 . (5.2)
We notice here that, the relation (5.2) is clearly ill defined in the limit s → ∞ , however
by introducing the variable α = v/s and the new gauge fields ϕs(u, v) = αs Φs(u, α) , after
dropping the singular factor αs , will remain well defined (Nu +Nα)Φs = 0 .
10A similar exception was happened in [5] when the Wigner equations were obtained from the Fang-
Fronsdal-like equation by fixing the gauge .
11We thank Ruslan Metsaev for introducing the Ref. [19] which rose this section to the draft .
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From [19] , the gauge invariant action of massive spin-s fields in D-dimensional flat
spacetime can be given by
S(m,s) =
1
2
∫
dDx ϕs(x, ∂u, ∂v) K̂(m,s) ϕs(x, u, v)
∣∣∣∣
u,v=0
, (5.3)
where the kinetic operators have a compact form as
K̂(m,s) =
(
1− 14 u2 (∂u · ∂u)
)(
x −m2
)
− C(m,s) C(m,s) , (5.4)
and
C(m,s) = u · ∂x −
1
2
u2 (∂u · ∂x) − 1
2
mAs ∂v u
2 − mvAsΠ , (5.5)
C(m,s) = ∂u · ∂x −
1
2
(u · ∂x)(∂u · ∂u) + 1
2
mvAs (∂u · ∂u) + mΠ As ∂v , (5.6)
As =
(
2s+D − 4−Nv
2s+D − 4− 2Nv
) 1
2
, Nv = v ∂v , (5.7)
Π = 1 − u2 1
2(2Nu +D)
(∂u · ∂u) , Nu = u · ∂u . (5.8)
Note that, the kinetic operators have indeed a complicated form but when are written in
terms of the operators C and C , found first in [19] , will take a nice form as above (compare
e.g. (3.11) and (3.12) in the CSP case) . Varying the action with respect to the fields, we
will find the equations of motion
K̂(m,s) ϕs(x, u, v) = 0 . (5.9)
Now, let us to take the limit of infinite spin from the equations of motion (5.9) . Then, it
would be expected to find the kinetic operator of the modified bosonic CSP action (3.12) ,
and consequently the action (3.17) . From (5.4) and (5.9) , it is seen thatm2 will be vanished
in the limit, therefore it would be enough to concentrate our discussion on the operator C
through the modified de Donder gauge conditions . Recall that the operator C will be then
obtained via (C)† = −C , by applying the following introduced hermitian conjugates
(∂ αx )
† := − ∂ αx , (∂ αu )† := uα , (v)† := ∂v . (5.10)
Modified de Donder gauge conditions
The modified de Donder gauge conditions12of the massive spin-s fields, which actually
simplify the equations of motion, are given by
C(m,s) ϕs(x, u, v) = 0 , (5.11)
where ϕs and C introduced in (5.1) and (5.6) . Now, if we introduce the variable α = v/s ,
the parameter µ = ms and
ϕs(x, u, v) = α
s Φs(x, ω) , ω
µ = uµ/α , (5.12)
12 It was called “de Donder-like gauge condition” in [19] .
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then the modified de Donder gauge conditions (5.11) become[
∂ω · ∂x − 1
2
(w · ∂x)(∂ω · ∂ω) + 1
2
µ
(
Nω +D − 2 + s
2Nω +D
) 1
2
(∂ω · ∂ω) (5.13)
+ µΠ
(
Nω +D − 3 + s
2Nω +D − 2
) 1
2 1
s2
(
s−Nω
) ]
Φs(x, ω) = 0 ,
where Nω = ω · ∂ω and the following useful relations have been used
∂u =
1
α
∂ω , Nv = −Nω + Nα . (5.14)
Nevertheless, it is seen that, in spite of dropping the singular factor from (5.13) , it is not
still well defined in the limit . However, we can apply the change of variable
ωα = uα
1√
Nu +D − 2 + s
, (5.15)
where uα is a D-dimensional vector and Nu = u · ∂u , to acquire the well defined modified
de Donder gauge conditions, which are
C(m,s) Φs(x,u) =
[
∂u · ∂x − 1
2
(u · ∂x)(∂u · ∂u) + 1
2
µ
(
1√
2Nu +D
)
(∂u · ∂u)
+µΠ
(
Nu +D − 3 + s√
2Nu +D − 2
)
1
s2
(s−Nu)
]
Φs(x,u) = 0 . (5.16)
At the end, by taking the limit (m → 0 , s → ∞ , ms = µ = constant) from the later,
conveniently, we will arrive at the modified de Donder gauge condition for the bosonic
continuous spin gauge field (3.25) and correspondingly to the modified CSP action (3.17) .
5.2 Massive fermionic higher-spin action
The gauge invariant action of massive arbitrary spin fields in D-dimensional flat and (A)dSD
spacetimes were first found in [20] . The kinetic operator consists of two parts, a part
depending on derivative and one depending on mass and spin . In flat spacetime, the
derivative depending part corresponds to the terms appearing in the first two lines of the
fermionic operator (4.10) . This part is independent of mass and spin , and thus will remain
unchanged in the limit . Hence, we will here consider the part depending on the mass m
and half-integer spin s = n+ 12 , with n as a positive integer number . This part is given by
[20]
M (m,s) = m
[
1 − (γ · u)(γ · ∂u) − 1
4
u2 (∂u · ∂u)
]
2n+D − 2
2n+D − 2− 2Nv
+ m
[
γ · u − 1
2
u2 (γ · ∂u)
] (
2n+D − 3−Nv
2n+D − 4− 2Nv
) 1
2
∂v
− mv
(
2n+D − 3−Nv
2n+D − 4− 2Nv
) 1
2
[
γ · ∂u − 1
2
(γ · u)(∂u · ∂u)
]
. (5.17)
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These operators act on the massive fermionic gauge fields ψn(x, u, v) , introduced by a same
generating function as (5.1) . By following the procedure in the bosonic case, the singular
factor can be extracted by introducing ψn(x, u, v) = αn Ψn(x, ω) . Then, the well defined
operator would be
M (m,s) = µ
[
1 − (γ · u)(γ · ∂u) − 1
4
u2 (∂u · ∂u)
]
1
n
2n+D − 2
2Nu +D − 2
+ µ
[
γ · u − 1
2
u2 (γ · ∂u)
]
Nu +D − 2 + n√
2Nu +D − 2
1
n2
(n−Nu)
− µ 1√
2Nu +D − 2
[
γ · ∂u − 1
2
(γ · u)(∂u · ∂u)
]
, (5.18)
where, here, the applied change of variable is
ωα = uα
√
Nu +D − 2 + n . (5.19)
If we now take into account the infinite spin limit of (5.18) , accompany with the derivative
depending part, we will reach to the alternative operator for (4.10) (by substituting µ→ −µ
in (4.10)) , and likewise to the modified fermionic CSP action (4.11) .
A similar procedure, as above, can be carried out on the massive bosonic and fermionic
actions in (A)dS spacetime (refs. [21] , [20]) and compare the results with the proposed
modified CSP actions in [16] and [17] .
6 Conclusions and future directions
In this paper, we presented the modified Wigner equations for both kinds of CSPs, bosons
and fermions, which had not been discussed already in the literature . The idea to discover
such equations was finding equations which can be obtained from the gauge-fixed modified
CSP equations of motion . By focusing on the second bosonic (fermionic) Wigner equation,
we redefined the gauge field such that the (gamma) trace-like condition converted to the
(gamma) trace one . Indeed, for instance, the equations (2.8) and (2.9) , expressing that
a CSP field is trace-full and divergence-free, reduced to the equations (2.15) and (2.16) ,
stating that a CSP field is trace-free and divergence-full ! However, this is not surprising
because, by a field redefinition, there might be found a set of modified higher-spin equations
for fields which are trace-full and divergence-full . Moreover, by another kind of field redef-
inition, there might exist a system of exotic Wigner equations for an exotic field which is
trace-full and divergence-full, i.e. when 0 < σ < 1 . Therefore, depending on the problem of
interest, for studying some problems the choice of Wigner equations can be more convenient
while for studying other problems the use of modified Wigner equations will be preferable.
In the Fronsdal-like equation, a similar field redefinition was applied to transform the
double trace-like constraint to the double trace one . Then, using the redefined field and
applying a change of auxiliary variable, we arrived at the modified CSP action in D dimen-
sions which was precisely the flat spacetime limit of the Metsaev action [16] . Exploring this
outcome was particularly interesting and main goal of this paper . The gauge symmetry of
the action was also found . By fixing a proper gauge in the modified equation of motion,
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we obtained the proposed modified Wigner equations, presented in the section 2 . Further,
we tried to find some relations to the Schuster-Toro action [8] . For this purpose, we could
establish a close relationship between the introduced operators (PΦ , Pε) of this paper,
used for rearranging the traces, and the obtained generating functions (G(ω) , G′(ω)) of
[8], employed for acquiring the constrained formalism of the CSP action using a gauge fix-
ing . In addition, by applying another change of auxiliary variable, we found a tensor form
of the modified CSP action in D dimensions which is indeed the tensor action of [8] in 4
dimensions .
A similar procedure was carried out on the Fang-Fronsdal-like equation, where the
triple gamma trace-like constraint converted to the triple gamma trace one, and led to the
modified fermionic CSP action in flat spacetime . The gauge symmetry and the gauge-
fixed equation of motion (leading to the modified Wigner equations) were also conveniently
found. We did not pursue finding a tensor form of the modified CSP action for fermions in
this paper, however, it would be interesting to be explored by applying the similar manner
of the bosonic case [8] for the unconstrained fermionic action [14] or using the way in the
subsection 3.4 for the modified fermionic CSP action (4.11) .
Finally, following the procedure of [5], we explained how to obtain the modified CSP
actions [16, 17] in flat spacetime from the massive higher spin actions [19, 20] by taking
the infinite spin limit. This issue will make significant the study of the massive higher spin
fields since they can be led, in a limit, to the continuous spin field .
The current exchanges for the constrained and unconstrained higher spin gauge fields
were obtained in [22] and it was shown that these results are equal to each other . Since
the higher spin theory is a limit of the continuous spin theory, it would be nice to examine
this fact for the constrained and unconstrained CSP fields . Considering the unconstrained
gauge fields appeared in the Schuster-Toro action, the current exchanges mediated by a
continuous spin particle have been investigated in [15] . For future direction, it may be
interesting to probe the current exchanges by taking into account the constrained gauge
fields, appearing in the Metsaev action . It would be satisfactory to find a similar result as
what was found in [15] .
Note added: While this work was in preparation for publication, a number of papers
[23]-[30] appeared in the context of the continuous (infinite) spin gauge theory .
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A Conventions
We use the mostly plus signature for the metric and work in the D dimensional Minkowski
spacetime . The convention
∂ω ν =
∂
∂ ω ν
, ν = 0, 1, . . . , D − 1 , (A.1)
and the following commutation relations[
∂ αω , ω
β
]
= η αβ ,
[
∂ω · ∂ω , ω 2
]
= 4 (Nω +
D
2 ) , Nω = ω · ∂ω , (A.2)
are used . The hermitian conjugates introduce as
(∂ αx )
† := − ∂ αx , (∂ αω )† := ω α , (ω α)† := ∂ αω . (A.3)
For the D-dimensional Dirac gamma-matrices we use the conventions{
γα , γβ
}
= 2 η αβ , ( γα ) † = γ0 γα γ0 , ( γ0 ) † = − γ0 , ( γ0 ) 2 = − 1 , (A.4){
γ · ∂ω , γ · ω
}
= 2 (Nω +
D
2 ) . (A.5)
B Transformation operators
In this appendix, we present operators of Pε and PΦ which transform the Fronsdal-like
constraints to the Fronsdal ones, and operators of Pξ and PΨ which convert the Fang-
Fronsdal-like constraints to the Fang-Fronsdal ones . We present these operators separately
in the following.
Pε operator:
The Fronsdal-like equation (3.2) is invariant under the gauge transformation (3.18) so
that the gauge transformation parameter obeys the “trace-like constraint”
(∂ω · ∂ω + σ) ε˜ (x, ω) = 0 , (B.1)
where the parameter σ was introduced in (2.11) . Then, we introduce the operators 13
Pε =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 )n
, (B.2)
and
P′ε =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 + 2)n
, (B.3)
where D is the dimension of spacetime, N = ω · ∂ω and (a)n is the rising Pochhammer
symbol (D.2) . Note that the operator P′ε is nothing except the operator Pε in which its N
is shifted to N+2 . Now using (B.2) and (B.3) , it is convenient to illustrate
P′ε (∂ω · ∂ω) = (∂ω · ∂ω + σ) Pε . (B.4)
13 The author is grateful to Xavier Bekaert for helpful discussions leading to these operators and corre-
sponding ones .
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To obtain this relation, we use the relations (D.8) and (D.4) . Note that Pε = 1 = P′ε when
σ = 0 . Using the operator Pε , we can write ε˜ in terms of a new gauge transformation
parameter ε
ε˜ (x, ω) = Pε ε(x, ω) . (B.5)
Plugging (B.5) into (B.1) and then using (B.4) , we can display
(∂ω · ∂ω) ε(x, ω) = 0 , (B.6)
which is the “trace constraint” of the new gauge transformation parameter .
PΦ operator:
In the Fronsdal-like equation (3.2) , the “double trace-like constraint” on the gauge field
is given by
( ∂ω · ∂ω + σ )2 Φ˜ (x, ω) = 0 . (B.7)
Introducing operators
PΦ =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 − 1)n
, (B.8)
and
P′Φ =
∞∑
n=0
σn ω 2n
(−1)n
2 2n n! (N + D2 + 3)n
, (B.9)
we can show
P′Φ (∂ω · ∂ω)2 = (∂ω · ∂ω + σ)2 PΦ . (B.10)
To get the later, we use the commutation relation (D.11) and the properties of the Pochham-
mer symbol . Then, using the PΦ operator, we can introduce
Φ˜ (x, ω) = PΦ Φ(x, ω) , (B.11)
where Φ is a new gauge field satisfying the “double trace constraint”
( ∂ω · ∂ω ) 2 Φ(x, ω) = 0 . (B.12)
Note that, the operators Pε and PΦ are related to each other via
ω ν Pε = PΦ ω
ν . (B.13)
Moreover, applying (D.3) in PΦ we can show another useful relation
Pε = PΦ
(
1 + σ ω2
1
(2N +D)(2N +D − 2)
)
. (B.14)
Pξ operator:
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The Fang-Fronsdal-like equation (4.2) is invariant under the gauge transformation
(4.12) with the “gamma-trace-like constraint” on the gauge transformation parameter
( γ · ∂ω + i σ ) ξ˜ (x, ω) = 0 . (B.15)
Introducing the operators
Pξ =
∞∑
k=0
[
(σ γ · ω)2k + 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 )k
, (B.16)
and
P′ξ =
∞∑
k=0
[
(σ γ · ω)2k − 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 + 1)k
, (B.17)
we can prove
P′ξ (γ · ∂ω) = ( γ · ∂ω + i σ )Pξ . (B.18)
To acquire the later, we use the commutation and anti-commutation relations (D.6) , (D.7) .
Introducing a new gauge transformation parameter ξ
ξ˜(x, ω) = Pξ ξ(x, ω) , (B.19)
we find the “gamma-trace constraint” on ξ as
( γ · ∂ω ) ξ(x, ω) = 0 . (B.20)
PΨ operator:
In the Fang-Fronsdal-like equation (4.2) , the “triple gamma-trace-like constraint” on
the gauge field
(γ · ∂ω + i σ) (∂ω · ∂ω + σ) Ψ˜(x, ω) = 0 , (B.21)
can be reduced to the “triple gamma-trace constraint” on the new gauge field
(γ · ∂ω)3 Ψ(x, ω) = 0 , (B.22)
such that
Ψ˜(x, ω) = PΨ Ψ(x, ω) , (B.23)
and
PΨ =
∞∑
k=0
[
(σ γ · ω)2k + 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 − 1)k
. (B.24)
To obtain (B.22) , we can illustrate
P′Ψ (γ · ∂ω)3 = (γ · ∂ω + i σ) (∂ω · ∂ω + σ )PΨ , (B.25)
where
P′Ψ =
∞∑
k=0
[
(σ γ · ω)2k − 2ik (σ γ · ω)2k−1
] (−1)k
2 2k k! (N + D2 + 2)k
. (B.26)
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To show (B.25) , the commutation and anti-commutation relations (D.9) , (D.10) are used .
Similar to the bosonic case, it can be shown that the fermionic operators Pξ and PΨ are
related to each other via
ω ν Pξ = PΨ ω
ν , (B.27)
Pξ = PΨ
(
1 + i σ (γ · ω) 2
(2N +D)(2N +D − 2) + σ ω
2 1
(2N +D)2
)
. (B.28)
C Modified Wigner equations
In this appendix, using the results in the previous section, we will explain how to get
the modified Wigner equations in (2.14)-(2.17) and (2.33)-(2.36) , from the bosonic and
fermionic Wigner equations .
Bosonic equations:
The first modified Wigner equation (2.14) can be obtained by plugging (2.12) into
(2.7) , and then , by applying (B.13) and (B.14) . The second equation (2.15) will obtain
from (B.4) . To obtain the third equation (2.16) , we first show
∂ αω P = PΦ
[
∂ αω − σ
1
2N +D − 2 ω
α + σ ω2
2
(2N +D − 2)(2N +D + 2) ∂
α
ω
− σ ω2 1
(2N +D)(2N +D − 2)2 ω
α
+ σ ω4
1
(2N +D)(2N +D + 4)(2N +D + 2)2
∂ αω
]
. (C.1)
Then by applying (2.12) in (2.9) , and using the later , we will reach to
PΦ
[(
1 + σ ω2 2(2N+D−2)(2N+D+2) + σ ω
4 1
(2N+D)(2N+D+4)(2N+D+2)2
)(
p · ∂ω
)
(C.2)
−
(
1
2N+D−2 + σ ω
2 1
(2N+D)(2N+D−2)2
)(
p · ω)]ϕ(p, ω) = 0 .
This relation can be simplified (by applying the first modified Wigner equation (2.14)) to
PΦ
[
1 + ω2 2σ(2N+D−2)(2N+D+2) + ω
4 σ
(2N+D)(2N+D+4)(2N+D+2)2
][
p · ∂ω + σ µ2N+D−2
]
ϕ = 0 ,
(C.3)
such that the third modified Wigner equation (2.16) can be conveniently read of it .
Fermionic equations:
Putting (2.31) in (2.27) , and then using (B.27) and (B.28) , we will get the first modified
Wigner equation (2.33) . To get the second equation (2.34) , using (2.31) , we can write
(2.28) as
( γ · ∂ω − i σ ) ( γ · ∂ω + i σ )Pξ ψ(p, ω) = ( γ · ∂ω − i σ )P′ξ ( γ · ∂ω) ψ(p, ω) = 0 , (C.4)
which the relation (B.18) is used . Then, by illustrating
( γ · ∂ω − i σ )P′ξ = P′ε
(
γ · ∂ω − i σ (γ · ω)(γ · ∂ω) 12N+D+2 − i σ 22N+D+2
)
, (C.5)
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and applying it in (C.4) , we will get the second equation (2.34) . Looking at the form of
the operators (B.2) and (B.16) , we can show
Pξ = Pε
(
1− i σ (γ · ω) 1
2N +D
)
, (C.6)
and then using (C.1) , and the way was applied to get the correspondence bosonic equation ,
we will obtain the third modified equation (2.35) . Applying (2.31) in (2.30) we will find
(γ · p) Pξ ψ(p, ω) = Pε (γ · p)
(
1− i σ (γ · ω) 1
2N +D
)
ψ(p, ω) = 0 , (C.7)
or (using the anti-commutation relation in (A.4))[
γ · p + i σ (γ · ω)(γ · p) 1
2N +D
− i σ 2
2N +D − 2 (p · ω)
]
ψ(p, ω) = 0 . (C.8)
Afterward, applying the first modified equation (2.33) , the equation (C.8) will be converted
to [
1 + σ ω2 1(2N+D)(2N+D+2)
] [
γ · p + i σ µ 22N+D−2 + σ µ (γ · ω) 2(2N+D)2
]
ψ(p, ω) = 0 ,
(C.9)
where the forth modified Wigner equation (2.36) will be appeared .
D Useful relations
This appendix contains useful relations which are used and computed for the text .
The Bessel function of the first kind Jα(z) is given as the power series
Jα(z) =
∞∑
m=0
(−1)m
m!Γ (m+ α+ 1)
(
z
2
)2m+α
. (D.1)
The rising Pochhammer symbol (a)n is defined as
(a)n = a (a+ 1)(a+ 2) · · · (a+ n− 1) = Γ (a+ n)
Γ (a)
, n ∈ N and a ∈ R . (D.2)
Then, the following useful properties can be obtained
a+ n− 1
(a)n
=
a− 1
(a− 1)n , (D.3)
(a)n = (a+ n− 1) (a)n−1 , (D.4)
(a)n = a (a+ 1)n−1 . (D.5)
The useful commutation ( [a, b] = ab − ba ) and anti-commutation ( {a, b} = ab + ba )
relations, for any integer k > 1 , have been computed as follow:[
γ · ∂ω , (γ · ω) 2k
]
= 2k (γ · ω) 2k−1 , (D.6){
γ · ∂ω , (γ · ω) 2k−1
}
= 2(N + D2 − k + 1) (γ · ω) 2k−2 , (D.7)
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[
(∂ω · ∂ω) , ω 2k
]
= 4k(N + D2 − k + 1) ω 2k−2 , (D.8)
[
(γ · ∂ω)3 , (γ · ω) 2k
]
= 2k(γ · ∂ω)2(γ · ω)2k−1 + 4k(N + D2 − k + 1)× (D.9)
×
[
(γ · ∂ω)(γ · ω) 2k−2 − 2(k − 1)(γ · ω) 2k−3
]
,{
(γ · ∂ω)3, (γ · ω) 2k−1
}
= 2(N + D2 − k + 2)
[
(γ · ∂ω)2(γ · ω) 2k−2 + 2(k − 1)× (D.10)
× (γ · ∂ω)(γ · ω) 2k−3 − 4(k − 1)(N + D2 − k + 1)(γ · ω) 2k−4
]
,
[
(∂ω · ∂ω) 2 , ω 2k
]
= 8k(N + D2 − k + 2)
[
(∂ω · ∂ω) ω 2k−2
− 2(k − 1)(N + D2 − k + 1)ω 2k−4
]
. (D.11)
The act of quantities ∂ αω , ∂ 2ω and ωα on the bosonic operator PΦ , introduced in (B.8) ,
have computed as
∂ αω PΦ = PΦ
[
∂ αω + ω
2 σ
(2N +D)(2N +D − 2) ∂
α
ω − ωα
σ
(2N +D − 2)
]
, (D.12)
∂ 2ω PΦ = PΦ
[
(∂ω · ∂ω) + ω2 2σ
(2N +D − 2)(2N +D + 2) (∂ω · ∂ω) − σ
− 2σ
(2N +D − 2) − ω
2 2σ
(2N +D)(2N +D − 2)2 + O(ω
4)
]
, (D.13)
ωα PΦ = PΦ
[
ωα − ω2 ωα σ
(2N +D)(2N +D − 2) + O(ω
4)
]
, (D.14)
where the terms containing O(ω4) in the last two relations, will be omitted at the level of
the action, due to the double trace constraint on the gauge field Φ(x, ∂ω) (ω2) 2 = 0 .
On the other hand, the act of γ · ∂x , ω · ∂x and γ · ∂ω on the fermionic operator PΨ ,
given by (B.24) , have computed as
(γ · ∂x) PΨ = PΨ
[
(γ · ∂x) − i (ω · ∂x) 2σ
(2N +D − 2) + i (γ · ω)(γ · ∂x)
2σ
(2N +D − 2)
+ (γ · ω)(ω · ∂x) 2σ
(2N +D)(2N +D − 2)
− ω2 (γ · ∂x) 2σ
(2N +D)(2N +D − 2) + O(ω
3)
]
, (D.15)
(ω · ∂x) PΨ = PΨ
[
(ω · ∂x) − i (γ · ω)(ω · ∂x) 2σ
(2N +D)(2N +D − 2) + O(ω
3)
]
, (D.16)
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(γ · ∂ω) PΨ = PΨ
[
(γ · ∂ω) + (γ · ω) 2σ
(2N +D − 2)2 (D.17)
− ω2 σ
(2N +D)2
(γ · ∂ω) − i σ 2N +D
(2N +D − 2)
+ i σ (γ · ω) 2(2N +D − 1)
(2N +D)(2N +D − 2) (γ · ∂ω) +O(ω
3)
]
,
where the terms containing O(ω3) will be vanished, at the level of the action, because of
the triple gamma-trace constraint on the spinor gauge field Ψ(x, ∂ω) (γ · ω)3 = 0 .
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